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On the Reduction of the Eigenvalue Problem
for Spinning Axisymmetric Structures

Leonard Meirovitch*
Virginia Polytechnic Institute and State University, Blacksburg, Va.

This paper presents an entirely new method for the calculation of the natural frequencies and natural modes of
a spinning axisymmetric spacecraft with flexible appendages. The approach is based on a methed for the
solution of the eigenvalue problem for general linear gyroscopic systems developed recently by this author.
When the structure is axisymmetric, the matrices defining the eigenvalue problem are of a special type. The
present paper takes advantage of the special natare of the system to reduce the order of the eigenvalue problem
by a factor of two. Moreover, it develops a computational algorithm that solves the ‘“reduced eigenvalue
problem’’ more efficiently than existing algorithms. The method should find its application to a large variety of

spinning axisymmetric structures.

Introduction

HE problem of spinning flexible structures has re-

ceived a great deal of attention in.recent years due to a
multitude of space applications. One aspect of the problem of
particular interest is the behavior of flexible systems when
perturbed from steady rotation. For small perturbations, the
problem falls in the general class of linear gyroscopic systems.
Quite recently, the author of this paper has developed a modal
analysis for linear gyroscopic systems,!? thus permitting an
entirely new approach to the response problem of spinning
flexible spacecraft. The method involves the solution of the
eigenvalue problem for complete rotating systems, where the
problem is defined by one symmetric and one skew symmetric
matrix. It is shown in Ref. 1 that the solution consists of pure
imaginary eigenvalues, appearing in pairs of complex con-
jugates, and associated complex conjugate eigenvectors.
Reference 1 also presents a method whereby the problem is
reduced to a standard eigenvalue problem in terms of sym-
metric matrices alone, the solution of which is known to be
real. Reference 2 develops a modal analysis that uses the
solution of the eigenvalue problem of Ref. 1 to generate a
closed-form response to arbitrary initial excitation and ex-
ternal excitation. '

When the system possesses .axial symmetry, the matrices
defining the eigenvalue problem have special structures. In-
deed, the elements of the matrices are so arranged and they
possess such values that the matrices can be partitioned into
2 X2 submatrices that can be operated with as if they were
single elements. Introducing two special 2 X 2 matrices, where
the first is the identity matrix and the second can be in-
terpreted as the matrix counterpart of the imaginary number
i=v-1, an algorithm permitting the reduction of the order of
the eigenvalue problem by a factor of two is presented.
However, whereas the full eigenvalue problem is in terms of a
real symmetric matrix, the ‘‘reduced eigenvalue problem”’ is
in terms of a Hermitian matrix of a special type, in the sense
that its elements are either real or they are pure imaginary.

The present paper develops a computational algorithm®

designed to take advantage of this special form of Hermitian
matrices. The algorithm uses real algebra alone and is based
on Jacobi’s method for the diagonalization of real symmetric
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matrices; it will be referred to as the modified Jacobi
method. A solution of the reduced eigenvalue problem by the
modified Jacobi method is considerably more efficient than a
solution of the full eigenvalue problem by the ordinary Jacobi
method. It should be pointed out that the reduction idea is by
no means limited to the Jacobi method. Indeed, the reduction
idea has been used by this author to produce a modified power
method using matrix deflation, and the concept can be used to
produce a modified Householder’s method.

As an illustration, the method was applied to the solution
of the eigenvalue problem of a spinning axisymmetric rigid
body’ with flexible rods extending along the spin axis.
Solutions were obtained for both the reduced eigenvalue
problem and the full problem; the modified Jacobi method
produced a solution more than four times as fast as the or-
dinary Jacobi method. This can be attributed to the facts that,
for a desired accuracy, the modified Jacobi method requires
half the number of iterations required by the ordinary Jacobi
method and the number of nonzero elements to be calculated
during each iteration step is also smaller by a factor of two.

The same system was investigated by this author in an
earlier paper,* in which the system natural frequencies were
obtained by solving the characteristic equation numerically.
The natural frequencies obtained in the present paper are in
good agreement with those obtained in Ref. 4. On the other
hand, Ref. 4 made no attempt to calculate natural modes, as
the significance of the concept was not recognized at tha
time. :

General Problem Formulation

Let us consider a structure spinning uniformly in space and
examine the perturbed motion of the structure from the steady
spin. The perturbed motion can be described in terms of the
angular displacements of a suitable system of body axes and
the elastic motion of the flexible parts relative to these axes. In
general, the angular perturbations can be described by a
maximum set of three coordinates depending on time alone,
whereas the elastic motion can be described by an appropriate
number of coordinates depending on space and time. The
mathematical formulation consists of a set of ordinary dif-
ferential equations for the rotational motion and a set of par-
tial differential differential equations and appropriate boun-
dary conditions for the elastic motion, where the two sets of
equations are coupled. Such a system has come to be known
as hybrid. We shall concern ourselves with the case in which
the angular perturbations from steady rotation and the elastic
displacements are small, so that the system of equations is
linear.

Quite frequently it is more convenient to work with a
discrete mathematical formulation instead of a hybrid for-



FEBRUARY 1976 ; SPINNING AXISYMMETRIC STRUCTURES . 151

mulation.- A discrete formulation consists entirely of ordinary differential equations and can be obtained by a so-called
“‘discretization’’ process. The most. common discretization methods are the lumped parameter method, the finite element method,
and the assumed-modes method, where the latter is often referred to as the Raylelgh-thz method. A detailed discussion of all three
discretization methods can be found in Ref. 5.
Let us consider the perturbed motion of a discrete (or discretized) n-degree-of- freedom from steady rotation and assume that the
motion can be described by 2n first-order linear ordinary differential equations having the matrix form
I% (1) + Gx (1) =X (2) ' €5

where I and G are 2nx2n real nonsingular matrices, the first symmetric and the second skew symmetric, x(¢) is the 2n--
dimensional state vector, and X (#) is the 2n-dimensional vector of nonconservative forces. Note that the elements of the state vec-
tor x(¢) consist of the angular perturbations of a given frame from uniform rotation and the elastic displacements relative to the
frame as well as the corresponding angular and elastic velocities.

The eigenvalue problem corresponding to system (1) has the form

Nx+Gx=0 2

It was shown in Ref. 1 that the solution of Eq. (2) consists of 2n eigenvalues in the form of the pure imaginary complex conjugates
A, = xiw, (r=12,...,n) and n pairs of associated eigenvectors x,=y,+iz, and ¥, =y, —iz,, wherey, andz, are thereal and Fhe ‘
imaginary parts of the eigenvectors. It was further shown in Ref. 1 that the complex eigenvalue problem (2) can be transformed in- -
to the real eigenvalue problem .

Iy, =Ky,, «Iz,=Kz,, r=12,...n 3)
where .
K=GTI'G . S @
is a real symmetric matrix. Hence, the problem has been rendered into a standard eigenvalue problem in terms of two real sym-
metric matrices similar to that for nonrotatlng structures.

From Egs. (3), we conclude that w? is a double eigenvalue to which there correspond two elgenvectors, namely, y, and z,.
Assuming that I is positive definite, it is shown in Ref. 1 that X is also positive definite, from which it follows that the eigenvectors
¥, and z, are all independent, and hence they are orthogonal. Moreover, if they are normalized so that y, Iy, =z,7Iz,=1 (n=
1,2,...,n), then they satisfy the orthogonality relations ;

VW lyo=2,"Iz;=8,; y,TIzy=2,Tly,=0 rs=1L2,..,n , 5)

Because the eigenvectors y, and z, (r=1,2,...,n) constitute a set of 2n independent vectors, they form a basis in a 2n-dimensional
vector space, a fact used in Ref. 2 to develop the modal response for linear gyroscopic systems.

Special Algorithm for Axially Symmetric Systems

When the system possesses axial symmetry one of the rotational coordinates is ignorable. Moreover, matrices I and G possess
special structures. Indeed, the elements of 7 and G are so arranged and they have such values that the matrjces 7 and G can be par-
titioned in a way that permits a reduction in the order of the eigenvalue problem by a factor of two. More specifically, if I and G-
are 2n X 2n matrices, then they can be partitioned into 2 X 2 submatrices that can be operated with as if they were single elements.
The object of this paper is to develop a computational algorithm capable of taking advantage of the special structures of 7 and G.

Let us assume that 7 is odd, n=2k+ 1, and consider the case in which the matrix J can be written in the convenient partitioned
form

KUnE Il = U )i Fiasd ]
(I;2)1 (I152)1 ---- Uppsr)i (Uops2)i - (Iy2k41)1
- —Ues1)i = Uppsn)i gk ) Uisrk42)1 -=- —Urrrams1)i ©®
— u+2)i — (pp42)i - Tkt 1h+2)1 Txs2042)1 Sl —Uyi2442)1
Ur2k+1)1 Iz2k4 1)1 = Wkrrme )i kv 2,241 Dl Uoeyr2ee)1
in which

: [ 10 :! [ 0 -1
1= , = ] ™
0 I 1 0

where I is recognized as the unit matrix of order two. On the other hand, the second matrix in Eq. (7) was denoted symbolically by
i because of the analogy with the imaginary number i =v-I. Indeed, we have

o -1 0 -1 1 0] , o
I=[1 0}[1’0}‘—[01 -

Note that, although the matrix I is of the order 2n, the above notation permits us to regard I as being only of order n, with every
element being multiplied by either /, i, or —i. In a similar manner, let us assume that the matrix G can be written in the reduced
form . -

i (G11)i (Gi2)i . —(Gre+1) G rr+2)1 - (G 1)i
(Gya)i (Ga2)i = =Gl = (Gpu)] - Comenl
T Gt Gaand = Guian)i (Graagani —— Crnaadl O
o= (Grrs2)1 (Gars2)1 -—-- (G_k+1,k+2){ i (?k+2,k+2)_1 T ____(_?_kf_z’_sz_l_)_l _____
L_“_E_G—ljz—k:;)-i ______ ( _C—;;;I:;;;;—_ - (Crrrmsr)! — (ka2.2k+l)1 - (Garr,ake1) -
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It can be verified that the matrix K, as given by Eq. (4) has
precisely the same structure as the matrix /. Moreover, all the
matrix operations required to generate K can be carried out by
operating with the partitioned matrices in I and G as if they
v»;ere single elements. In this regard, it should be observed that
= —i.

For the matrix equations (3) to make mathematical sense, it
is necessary to construct an n-dimensional vector representing
y or z. To this end, let us introduce the two-dimensional vec-
tor I whose elements are equal to unity, i.e.,

1
1= [ ] 10)
1

It follows from definitions (7) that
-1
an
1

1
1

In view of the above, a vector v having the form

U=[Ulvzvzvz"“—vkuvku—Uk+2Uk+2""Uzk+lvzk+1]f 12)
can be written symbolically as
(vpy11 T i (v1)1 1
(v))l1 (v3)1
v= ___—(_l;;;;);l B Wis )i 1 (13)
@il || @eai
L @I | L aa!

where the vector enclosed by brackets on the extreme right of
Eq. (13) can be regarded as an n-dimensional vector. With the
understanding that multiplication on the right by 7 converts
an n-dimensional vector into a 2n-dimensional vector, we can
operate with v as an n-dimensional vector by simply ignoring
1 on the right side of Eq. (13). The full 2n-dimensional vector
can be recovered at a later stage. In a similar manner, the 2n-
-~ dimensional vector
O=[—V0; —UsVs . Upy iUk 1Vk4 Vk4 50 — Vs Vak 11"
(14)

can be written symbolically as the n-dimensional vector

v=[(v;) i) Wer ) (Weys) (U )T (15)

and operated with as such, provided we recall that the right
side of Eq. (15) is really multiplied on the right by 7. Note that
the forms (13) and (15) of the vector v were chosen so as to be
compatible with the matrices I and K, in the sense that
multiplication of v on the left by I or by K yields a vector
similar in structure to v itself. The products /v and Kv can be
. more easily visualized if we regard the elements of the
matrices I and K and those of the véctors v as real numbers if
they are multiplied by / and as pure imaginary numbers if
they are multiplied by i. In view of the above, we can write the
eigenvalue problem (3) in the reduced form

w?lv=Kv (16)
where I and K are n xn matrices and v is an n-dimensional
vector and it represents either y or z or a linear combination of
yandz.

V P
r 10 --- 0
01 -—-- 0

00 - (cost)]

R=1 00 — o

00 - (sind)]

00 - o0
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It remains to produce a computational algorithm capable of
taking advantage of the special form of the reduced eigen-
value problem, Eq. (16), for the purpose of obtaining an ef-
ficient solution of the problem.

Solution of the Eigenvalue Problem
by a Modified Jacobi Method

There are many methods for the solution of the eigenvalue .

~ problem .associated with real symmetric matrices, for which

the eignvalues are known to be real. Some of the most
familiar ones are the power method, Jacobi’s method,
Given’s method, Householder’s method, and the QR
algorithm in conjunction with inverse iteration. All of these
methods, or a combination thereof, can be used to solve the
real eigenvalue problem of order 2n, Eqs. (3). In reducing the
order of the eigenvalue problem from 2n to n, however, the
matrices I and K can no longer be regarded as being real and
symmetric nor can the vector v be regarded as being real. In
fact, matrices / and X are Hermitian but of a special type since
their elements are either real or pure imaginary. To treat the
eigenvalue problem (16) as complex would defeat the purpose
and, indeed, our goal is to devise a method capable of solving
the reduced eigenvalue problem (16) while retaining all the
somputational advantages associated with real symmetric
natrices. If such a method can be devised, then substantial
:omputational savings can be realized by solving the reduced
eigenvalue problem -(16) insteady of the full problem (3). In
the following we propose to develop a method for the solution
of the reduced eigenvalue based on the Jacobi method. The
method is appreciably faster than the ordinary Jacobi
method. It should be pointed out, however, that the same
general ideas can be applied to develop computational
algorithms based on other methods, such as the Householder
method. ' ,

Let us consider a real symmetric matrix A and assume that
is has the same structure as I (or K). Next, let us write the
eigenvalue problem associated with A4 in the matrix form

AU=Uy a7n

where U is the modal matrix of 4 and v is the diagonal matrix
of the eigenvalues of A. Multiplying Eq. (17) on the left by
U-', weobtain

UlAU=~ (18)

so that the solution of the cigenvalue problem of A can be ob-
tained by simply diagonalizing 4. It can be easily demon-
strated that the modal matrix U is orthonormal, i.e., it
satisfies

Ul=UT (19)

The diagonalization of a real symmetric matrix can be ef-
fected by a large variety of methods. Some of these methods
can be used for Hermitian matrices. The matrix A has a
special structure, however, so that the interest lies in a method
that retains all the computational advantages of a real sym-
metric matrix. To this end, we wish to explore a modification
of the Jacobi method. Hence, let us introduce the ‘‘rotation

" matrix”’
q
- 0 0 7]
— 0 —— 0
______________________ p
---—-  —(sing)! --—~ 0
- 0 --—- 0 . (20)
---—-  (cos®)! ---- 0
______________________ q
- 0 -—=- 1 ]
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and consider the case in which the element in the row p and
column ¢ of the matrix A is “‘real’’, i.e., it has the form
(A,,)1. Next, let us define the matrix B as the triple matrix
product

B=RTAR o3
Then, it can be easily verified that the matrix B has exactly the

same structure as the structure of 4 and its elements have the
values '

B,, =A,, cos?0+2A,, sin 8 cos §+ A, sin’f
B,, =A,, sin?0—2A,, sin 6 cos 0+ A ,, cos?0
B,, =(Agz,—A,,) sin B cos 0+ A4, (cos?8—sin?8)
(22)
B, =A, cosf+A,sinb
r£p,q
B, =—Ap,sin0+A, cosf

B,, =A,, rs#p.q

If in Eqgs. (22) r <p, then A, and B,, must be replaced by 4,,
and B,,, respectively. Similarly, if r<g, then A, and B,
must be replaced by A,, and B,,, respectively. Note that,
because of the structure of the matrices A and B, it is only
necessary to calculate the elements on the main diagonal and
those above the main diagonal. In the case in which the
element in row p and column g of the matrix 4 is ‘“‘pure
imaginary’’, i.e., it has the form (A4,,)i, we can use the
rotation matrix

p
10 --—-- 0 - 0 ----
01 --—-- 0 -0 ----
00 - (cos®)] - 0 -
R =| 00 — 0 oo
00 - (sinb)i --—- 0 ----
00 - 0 o0
Indeed, the triple matrix product
B=R*TAR* 24

yields once again a matrix B having the same structure as A
and whose elements are given by Egs. (22). On the other hand,
if the element in the row p and column g of 4 has the form
— (A ,,)i, then the rotation matrix to be used is R**=R*7. It
is easy to verify that also in the case the triple matrix product

B=R**TAR**» (25)

yields a matrix having the same structure as A and whose
elements are given by Eqs. (22).

The fact that all three matrix products, Egs. (21), (24), and
(25) yield the same matrix elements, Eqs. (22), forms the basis
for a matrix diagonalization algorithm using successive
rotations. The procedure, which for ordinary real symmetric
matrices is known as the Jacobi method, consists of an-
nihilating the element B,,, at every iteration step by choosing
the angle 0 so as to satisfy

tan20=2A4,,/ (A,, —Ag) (26)

Then, it can be shown (see Ref. 3, Sec. 4-8) that the sum of the
squares of the diagonal elements of B increases at the expense
of the sum of the squares of the off-diagonal elements. The
result of the iteration process is the didgonal matrix +y of the
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eigenvalues of A. Denoting by R,(f=1,2,...,m) the rotation
matrices associated with the various iteration steps, regardless
of whether they are of the type R, R*, or R**, we can write

limR’,;,Rf,,_,...R§R§AR,R2...R,,,_,R,,,=7 27N
m— oo )

Moreover, because the matrices R, are orthonormal, we con-
clude from Eqgs. (18), (19), and (27) that the modal matrix of
A is simply

U=limRR,...R,,_ R, (28)
n - oo ’

Of course, in practice a finite number of iterations suffices.
Next, let us return to the eigenvalue problem (16). In-
troducing the transformation ‘
v =I"v 29)
the eigenvalue problem (16) reduces to
v’ =K'v’ (30)
where
K' =I'"KI'” =I'*GTI''GI* 3D

is a matrix of the type (6). In fact, tﬁé eigenvalue problem (30) 7
is of the type (17), so that it can be solved by the modified

q

0 - 0 ]

0 -—- 0
_-__-_' __________ p
— (sinf)i ---- 0 ’
o Il e 23)
(cos®)l ---- O
________________ q

0 e

Jacobi method just developed. Note, however, that before the
matrix K’ can be generated, it is necessary to solve the eigen-
value problem associated with 7. This problem also can be
solved by the procedure described above. The solution of the
eigenvalue problem associated with K’ yields the actual eigen- -
values w,?. On the other hand, to recover the acutal modal
vectors, we must write

v, =I"v] (32)

Note that, because the eigenvectors v, are orthonormal in an
ordinary sense, the modal vectors v, are orthonormal with
respect to the matrix 7, so that the procedure yields
automatically eigenvectors that satisfy Egs. (5).

The reduced eigenvalue problem yields # eigenvalues w,?
and n eigenvectors v,(r=1,2,...,n). It is known, however,

- that the- full eigenvalue problem possesses n double eigen-

values and n pairs of associated eigenvectors. The second
eigenvector of the reduced eigenvalue problem corresponding
to a given w,? can be obtained by simply observing thatif v, is
a solution of Eq. (16), then iv, is also a solution, where iv, isa
vector obtained by multiplying every element of v, by i.
Finally, it must be recalled that the elements of the -
dimensional eigenvectors v, and iv, are multiplied by either /
or i, where 1 and i are matrices and not ordinary numbers. To
recover the full n-dimensional eigenvectors, we must multiply
the elements of v, on the right by the vectors 1, where 1 is
defined by Eq. (10). It should be pointed out that, because v,
and iv, are two eigenvectors corresponding to the same eigen-
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value w,?, any linear combination of v, and v, is also an
eigenvector. This permits us to determine y, and z,.

'Spinning Axisymmetric Body.
Discretization of the Equations of Motion

Let us consider a symmetric rigid body with mass moments
of inertia A, B=A, and C about the body axes x, y, and z,
respectively. Two symmetric flexible rods lie along axis z
when in equilibrium, where the equilibrium state is defined as
uniform angular velocity 2, =Q=const about axis z with the
rods undeformed. If perturbed slightly, the body acquires
small nutational velocities 2, < and Q, < as well as small
elastic deformations u, (z,¢) and u, (z,7), as shown in Fig. 1.
Denoting by Y:p(z) the mass density of the rods and by
W EI(z) their flexural rigidity, it is shown in Ref. 4 that the
linearized equations of motion of the system are

) 82 u, 5 . .
pil, + a—zz— { Ia—zz — o2 ux—ZpQuy+pz(QQX+Qy)=0
) 82 du, 5 . 9
pily+ 5 | BT 525 | = oy + 20t +p2(020, =0, =0

, bt ~ (33)
A AQ(C-AND | o2l + ) de

h+¢
—-QShpz(le —Qu,)dz=0

h+¢

A'Q,-C-A)+ Shpz(ﬁx—ﬂlly) dz
h+¢
: —Qgh pz (1, +Qu, Ydz=0

where A" =4+ *'pz2dz is the moment of inertia of the en-
tire body in undeformed state about a transverse axis. The
displacements u, and u, are subject to the boundary con-
ditions
u,=0u,/3z=0, u,=0du,/0z=0 atx=h
EI(3%u,/3z%) = (3/0z) [EI(8%u,/02%)] =0

atx=h+{(34)
EI(8%u,/8z%) = (3/9z) [EI(8%u, /3z°)1=0

Note that Egs. (33) imply antisymmetric elastic motion,
U, (=z,t)=—u(zt)andu,(—z,1) = —u, (z,?).

Introducing the notation
we=u,—u,, w,=u,+u, 35)
where w, and w, can be interpreted as elastic velocities of the

non-nutating body, Eq. (33) can be transformed into the set of
first-order differential equations in time

o, —Qu,—w,)=0
p(l'?y_qu'_'wy) =0

8? 8?

.- - Uy )
oW, +pzQ, + EZ—‘; [EI o —p0w, +pQ2Q, =0
' .2 3u, ‘
oW, —pzl, + 377 lEI S ]+pwa+szQy=0 (36)

h+t ) h+t
- Shpzwydz+A’Qx—QShpzwxdz+ (C-A")0Q,=0
h+e X h+¢
Shpzwxdz+A Q, —Qghpzwydz— (C-A")0Q, =0

where the equations are still subject to the boundary con-
ditions (34).
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Fig.1 The spinning
axisymmetric struc-
ture.

Equations (36) (as well as Egs. (33)) represent a set of
hybrid differential equations of motion. We shall discretize
the system by the so-called assumed-modes method? whereby
the elastic displacements are assumed to have the form of the
series

k
u (= Y, :(RDug(t)

i=1
k . .
U, (2,0) = E, & (2) 1y (1) 37)

where u,;(#) and u,;(¢) are generalized displacements and
¢;(z) are comparison functions® satisfying the eigenvalue
problem defined by the differential equation

d2
dz?

d’ ¢

EI
dz?

]=pA2,¢,., i=12,... (38)

and the boundary conditions

do;
. = —= =0
¢;(h) =0, 2z | ven
i=12,... (39)
d*¢; d d’¢;
EI =0, — [EI : ] =0
d22 z=h+t dz dZZ z=h+t

In addition, the comparison functions are normalized so as to
satisfy

hat
L pbid,dz=08y, ij=12,.. (40a)

where §; is the Kronecker delta. It follows immediately that

h+¢ dZ dzd)i
Sh e [ 7 3 ]¢de=A55g, Lj=1,2,... = (40b)
Note that the comparison functions ¢, are merely the eigen-
functions corresponding to the fixed-base, nonrotating rods.
Inserting series (37) into Egs. (35), we obtain

k
W)= ) $i (D) w()
i=1

k
w0 = Y, $(2)wy(1)

i=1

(41)

where

Wy (2) =i, (1) —Quy, (2)
: (42)
Wy (8) =1y (1) +Qu (1),
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play the role of generalized elastic velocities. Finally, introducing Egs. (37) and (41) into Egs. (36), multiplying the first four of
Egs. (36) by ¢, (z), integrating the resulting equations over the elastic domain, and using Eqgs. (40), we obtain the discrete set of-
4k + 2 equations

Azr(u,\'l _Quyi —wxi) =0

A21 (uyi +9ux1' _Wyi) =0
. i=12,...,k
Wy +ad, + Adu,; —Qw,, +Qa, Q=0

wy[ —(l,-QX +A3uy,‘ +wai +Qa,9ﬁ=0

" 4 (43)
— ¥ g, 44’0, 0 ) gwy +(C—A7)02,=0
i=1 =1
k &
Y g +A4'0,-Q Y, aw,—(C—A’)0Q,=0
Jj=1 j=1
where the notation o
ai:S‘,pzqsi dZ: i=1,2,.,.,k (44)

has been introduced. Note that the first 2k of Egs. (43) were multiplied by A? to render the full set of equations in the desired form.
It should be pointed out that the assumed-modes method did not uncouple the system but merely discretized it. :

Equstions (43) are precisely of the form (1). Moreover, very importantly, the problem is of the type that lends itself to the reduc-
tion scheme. Indeed, recalling the matrices I and i, Egs. (7), matrices 7 and G can be written in-the reduced form

m (AN 0 - : 7
' 0 ! 0
0 (A2)] - | :
I R 5_“""_—_'_":""_7;;;,"" 45)
I= 0 ! !
' 0 1 - g —(ay)i
0 T T @i @i - a1
and
(QA3)i 0 - | —(ADI /R ) 7
0 Q@AD)i - 0 ~ (A3 - |
@A 0 @i o — 1  (Qanl (6)
G= ! !
0 (ADI - 0 @i - | (Qay)1
L0 =@l -] - | [—(C-AND)i

In addition, introducing the notation

‘ Uy Wxi Qx ’
Uy = ) Wi = s Qxy = ) (‘47)
u),,- Wyi Qy )

T 1T
x=[ulul,. . . wh,wl, ... 0] (48)

Before we can carry out the diagonalization of the matrix I, the generation of the matrix K’, and the diagonalization of K, it is
necessary to assign numerical values to the system parameters.

Numerical Solution of the Reduced Eigenvalue Problem

Let us consider the case in which the rots are uniform, EI(z) =EI=const and p(z) =p =const, and the system parameters have
the values: '

¢/h=0.5, A,=60rads’!, Q=30rads’! 49)
A=1.01b-ft-s2, A’ =1.11b-ft-s?, C=1.51b-ft-s?
From Ref. 3 (Sec. 5-10), we conclude that if A, is specified, then all remaining A; = (i=2,3,...) are uniquely determined. The func-

tions ¢;(z) can also be obtained from Ref. 3 except for their amplitudes; these are determined uniquely by Egs. (40a). Then

recognizing that {#+%0z2 dz=0.1, we can use Egs. (44) and obtain the values @; (i=1,2,...) . This permits us to evaluate the matrices
Iand G.
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To generate the matrix K’, it is necessary to solve first the eigenvalue problem associated with the matrix I. Bef 6re this can be ac-
complished, however, we must specify the number & of terms we wish to retain in series (37). We propose to investigate two cases,
namely, k=1 and k=2. The investigation of these two cases should permit an assessment of the series truncation effect, at least for
this particular system. Hence, let us generate the matrix K’ for the case k=2, with the observation that for the case k'=7 we must
merely omit from K’ the second and fourth rows and columns. Solving the eigenvalue problem associated with J by the modified
, and using Eq. (31), we obtain

Jacobi method, calculating I

I

(4,756)1
(722)1
— (3,601)i
— ()i
(229)1

—(22,563)i (1,734)1 (143,809)1
(—495)i

(722)1
(144,327) 1
—(4)i

(648) 1

(3,601)i
(4)i
(4,701)1

(i (229)1 ]
(22,563)i (648) 1
(1,734)1  —(—495)i

— (~8,386)i
(—8386)i  (780)1

(50

The solution of the eigenvalue problem associated with K’ yields the eigenvalues w? and the eigenvectors v; and iv,. Then, using
Eq. (32), we obtain the actual modal vectors v, and iv,, which can be used to determine y, and z,.

Solving the case k=1, which amounts to solvmg the eigenvalue problem associated with the matrix obtained by removing the
second and fourth rows and columns from (50), and performing the vector transformations indicated above, we obtain the
natural frequencies and the modal vectors

w; =9.035067 rad s”!

0
—0.0l)4363
0.170324
0

Y=

0

0.865180

.

.zl

]

0.004363
0
0
0.170324
'—0.865180
0

w; =91.212125 rad s !

0.011834
0
0
V=
—0.724348

—0.105883

L 0

-

Z3=

0
0.011834
0.724358

0

0

—0.105883

.

.

(51a)

(51c)

On the other hand, for k=2, i.e., using the full matrix (50),

we obtain

0
—0.004362
0

0.170231
Y=
' 0
0.001140
0
0
0.865066

—0.000029

w; =9.030410rad s™!

.

;=

0.004362
0
0.000029
0
| 0
0.170231
0
0.001140
—0.865066
0

.

(52a)

w,=35.949634 rad s°!

—0.010895 ] i 0 ]
0 —0.010895
, 0 0.718534
Y= = (51b)
—0.718534 0
—0.461494 0
0 i —0.461494 |
w,=235.94311rads"!
—0.010896 ] r 0 N
0 —0.010896
0.000027 0
0 0.000027
0 0.718494
Y= 2= (52b)
—0.718494 0
0 —0.001770
0.001770 0
—0.461030 0
0 1 —0.461030 |
w3 =91.211840 rad s°!
1 0.011834 | r 0 7
0 0.011834
—0.000006 0
0 —0.000006
0 : 0.724351
Y3= . 33— (520)
—0.724351 0
0 ~0.000349
0.000349 0
—0.105858 0
0 | | —0.105858 |



FEBRUARY 1976

w4 =349.081901 rad s’!

r 0 7  —0.000069
0.000069 0
0 —0.001880
0.001880 0
—0.026130 0
yo= 24= (52d)
0 —0.026130
—0.712483 0
0 —0.712483
0 —0.094947
| 0.094947 | B 0 B
ws =408.439039 rad s°!
r 0 7 —0.000055
0.000055 0
0 —0.001881
0.001881 0
(52¢)
0.020693 0
Ys= 5=
0 . 0.020693
0.711900 ' 0
0 0.711900
0 0.075200
| —0.075200 | L 0 |

The above solutions were obtained by the modified Jacobi
method.

Comparing Eqgs. (51) and (52), we note that there is not
much difference between the first three natural frequencies
calculated by using one term in series (37) and those obtained
by using two terms. This is in line with conclusions reached in
Ref. 4, namely, that the truncation effect is not significant for
the problem at hand. Consistent with this, we observe that
there is not much difference between the natural modes
associated with the first three natural frequencies, which is to
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be expected. Note, however, that for every additional term in
series (37), two additional higher natural frequencies and
natural modes are obtained. The nature of the response
problem may require the knowledge of higher frequencies.

For comparison, the full eigenvalue problem was solved by
the ordinary Jacobi method. The solution of the reduced
eigenvalue problem was more than four times faster than the
solution of the full problem. This can be attributed to the
facts that: 1) for the same desired accuracy, the number of
iterations required for the solution of the eigenvalue problem
by the modified Jacobi method is one half the number
required by the ordinary Jacobi method and 2) the number of
nonzero elements to be calculated per iteration step is also
smaller by a factor of two. Another way of explaining the ef-
ficiency of the modified Jacobi method compared to the or-
dinary Jacobi method is that the reduced eigenvalue problem
eliminates the duplication involved in performing identical
computations twice, as is the case with the full eigenvalue
problem.

Summary and Conclusions

This paper presents a method for the solution of the eigen-
value problem for spinning axisymmetric structures that is
considerably more efficient than existing ones. The method
takes advantage of the special nature of the matrices defining
the eigenvalue problem to develop an algorithm that reduces
the order of the problem by a factor of two. Then, a com-
putational algorithm capable of solving the reduced eigen-
value problem is presented. The algorithm is based on the
Jacobi method for the diagonalization of symmetric matrices
and should be at least four times as efficient as the Jacobi
method. Using the ideas presented in this paper, other com-
putational algorithms capable of solving efficiently the
reduced eigenvalue problem, such as a * modified
Householder’s method, can be developed.
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